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0 A group theoretic proof of Frobenius’ theorem
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Abstract. Let G be a Frobenius group with the Frobenius kernel N . Applying character
theory, G. Frobenius proved that N was a normal subgroup of G in the year 1901. This
is a celebrated application of the character theory of finite groups. In the note, we give
a character-free proof of this result, which is a well-known problem in the theory of finite
groups.
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1 Introduction
LetG be a finite group. IfG acts transitively on the finite set Ω = {α1, α2, · · · , αn},
the fixed-point subgroup CG(αi) for each αi is nontrivial and any intersection
CG(αi) ∩ CG(αj) = 1 for the different i, j, then G is called a Frobenius group.
Set N = (G − ∪ni=1CG(αi)) ∪ {1}, then Frobenius group G obviously has the
Frobenius decomposition G = N ∪CG(α1)∪CG(α2)∪ · · · ∪CG(αn). Usually N
is called the Frobenius kernel and CG(αi) a Frobenius complement. The N is
obvious a normal subset of G. Equivalently, if G contains a subgroup H such
that the normalizer NG(H) = H and any intersection H
x ∩ Hy = 1 for the
distinct conjugates Hx and Hy of H in G (with x, y ∈ G), then G is said to
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be a Frobenius group. The subgroup H is called a Frobenius complement.
Applying the character theory of finite groups, Frobenius proved that N was
a normal subgroup of G and G = NCG(αi) with N ∩CG(αi) = 1 (for example,
see [4] or [6, Satz V.7.6]), which is referred to as Frobenius’ theorem. As the
action of G on Ω is transitive, it is clear that all CG(αi) are conjugate in G.
Two famous applications of the character theory of finite groups are Burn-
side’s paqb-theorem and the above Frobenius’ theorem, which are proved at
the beginning of the last century. It was then a challenge to find a proof with-
out characters for the two theorems. The character-free proof for Burnside’s
theorem was reached by Bender, Goldschmidt and Mathsuyama at the early
1970’s (see [1, 5, 7]). For Frobenius’ theorem, the partial results were attained
by Corra´di, Hova´th and Flavell in [2, 3].
In this note, we provide a complete proof without characters for Frobenius’
theorem.
Combing some basic ideas from group action theory and group graph theory,
we intend to give several definitions. Let the finite group G act on the set Ω
and S be a subset of G. An element of Ω is called a vertex. For two vertices
α, β ∈ Ω, if there exist g ∈ S satisfying αg = β, then α and β are said to
be S-adjacent; generally if there exists a vertex sequence in Ω which can be
labelled as α = α1, α2, · · · , αn = β so that any two consecutive vertices are
S-adjacent, then α, β are said to be S-connected. The set of all vertices which
are S-connected with α in Ω is called an (S, α)-component. If S contains the
identity element and admits the inverse operation, we may get that an (S, α)-
component is also an (S, β)-component whenever α, β are S-connected, and so
the S-connection is an equivalence relation in Ω. In the situation, an (S, α)-
component is called an S-component or simply a component when there is no
risk of confusion.
We always use pi to denote a set of prime numbers and pi′ the complement
for pi in the full set of prime numbers. For a finite group G, write pi(G) for the
set of prime divisors of the order |G| of G.
Unless otherwise stated, the notation and terminology is standard, as pre-
sented in the general finite group theory textbooks.
2 Preliminary
Lemma 2.1. Assume that G is a Frobenius group acting on Ω with the kernel
N and 1 6= g ∈ N . If g has factorization g = gpigpi′ for pi-part gpi and pi
′-part
gpi′ in G, then gpi and gpi′ lie in N .
Proof. If either gpi or gpi′ is an identity element, then there is nothing to prove.
Assume that both of gpi and gpi′ are nonidentity elements. If α
gpi
i = αi and
α
g
pi′
i = αj for i 6= j, then α
gpigpi′
i = α
g
pi′
i = αj and α
g
pi′
gpi
i = α
gpi
j = αk for
αi, αj , αk ∈ Ω. Since gpigpi′ = gpi′gpi, it follows α
gpigpi′
i = α
g
pi′
gpi
i and so j = k,
α
gpi
j = αj. Thus gpi ∈ CG(αi) ∩ CG(αj) = {1}, a contradiction. Similarly, we
also deduce a contradiction in the situation α
g
pi′
i = αi. Therefore gpi and gpi′
are fixed-point-free on Ω, and both of them lie in N , as desired.
Observe that,using the argument in the above proof, we may further obtain
that xy ∈ N for all x, y ∈ N and xy = yx.
Lemma 2.2. Let G be a Frobenius group acting on Ω with the kernel N and
a complement H = CG(α1) for α1 ∈ Ω and pi = pi(H). Then H is a Hall
pi-subgroup of G.
Proof. Let P1 be a Sylow p-subgroup of CG(α1). If P1 is not a Sylow p-
subgroup of G, then there exists P1 < P ∈ Sylp(G) by Sylow’s theorem. We
may deduce that P is a Frobenius group. Assuming that Ω1 ⊆ Ω is a P -orbit
and α1 ∈ Ω1, we get that CP (αi) > 1 for αi ∈ Ω1 (as CP (α1) = P1 > 1), and
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CP (αi) ∩ CP (αj) = 1 for any different αi, αj ∈ Ω1. Hence P is a Frobenius
group.
We assert that P is impossible a Frobenius group. Because P is nilpotent,
all subgroups are subnormal in P . It is no loss to assume that 1 < CP (α1) E
N E P . Because all CP (αi) are conjugate in P , they are contained in N . Pick
Ω2 ⊆ Ω1 to be a nontrivial N -orbit, we may derive that N is a Frobenius group.
Repeating the process, we are reduced to the case thatN is of order p (since the
minimal normal subgroup of a nilpotent group is of order p). Thus CN(αi) = 1,
a contradiction. Therefore, we conclude that every Sylow p-subgroup of H is
a Sylow p-subgroup of G, consequently H is a Hall pi-subgroup of G.
Lemma 2.3. Let G be a Frobenius group acting on Ω with the kernel N and
a complement H = CG(α1). Let pi = pi(H). Then N is a full set of all
pi′-elements of G, and so N is a characteristic subset of G.
Proof. Let g ∈ N be a nonidentity element. If g is not a pi′-element, then
we may write g = gp′gp with p ∈ pi and gp 6= 1, thus Lemma 2.1 shows
gp ∈ N and Sylow’s theorem implies (via Lemma 2.2)that g
x
p ∈ H for some
x ∈ G, hence 1 6= gxp ∈ N ∩ H = {1} (since N is a normal subset). This
is a contradiction which shows each element of N is pi′-element. It is seen
via Frobenius decomposition that any pi′-element of G does not lie in any
complement CG(αi) for 1 ≤ i ≤ n, and so it lies in N , which shows N is a
characteristic subset, as wanted.
Observe that the above consequence indeed implies that the power operation
is closed in N .
Lemma 2.4. Let G be a Frobenius group acting on Ω with the kernel N and
a complement H. If G has a subgroup R ) N , then R is a Frobenius group.
Proof. Let Ω1 ⊆ Ω be an R-orbit, then
CR(αi) ∩ CR(αj) ⊆ CG(αi) ∩ CG(αj) = 1
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for any different αi, αj ∈ Ω1.
Because R ) N , it follows via Lemmas 2.3 and 2.1 that there exists noniden-
tity p-element x ∈ R−N , p does not belong to pi′, then the Frobenius decom-
position of G yields that x lies in some CG(αi), thus x ∈ R∩CG(αi) = CR(αi),
hence |CR(αi)| > 1. Also the fixed-point subgroups CR(αi) are conjugate in
R for all αi ∈ Ω1, we obtain that all CR(αi) are nontrivial, and so R is a
Frobenius group, as required.
Lemma 2.5. Let G be a Frobenius group acting on Ω with the kernel N , then
|N | = |Ω|.
Proof. Let Frobenius decomposition G = N ∪CG(α1)∪CG(α2)∪ · · · ∪CG(αn)
and write H for CG(α1), then |G| = |N |+n(|H| − 1). Since G act transitively
on Ω, it follows that |Ω| = n = |G : H|. Thus we get that
|G| = |N |+ n|H| − n = |N |+ |G : H||H| − n,
hence n = |N |, as desired.
Proposition 2.6. Let G be a Frobenius group with the kernel N . If x ∈ N ,
then the inverse x−1 ∈ N .
Proof. Immediate.
Lemma 2.7. Let G be a Frobenius group acting on Ω with the kernel N and
a complement H = CG(α1). Then G can be expressed in the product set form
G = NH. Furthermore, G = NCG(αi) = CG(αi)N for any αi ∈ Ω.
Proof. Let G have the Frobenius decomposition G = N ∪ Hx1 ∪ Hx2 ∪ · · · ∪
Hxn, where x1 = 1, H
xi = CG(α1)
xi = CG(α
xi
1 ) = CG(αi), 1 ≤ i ≤ n. Then
we obtain that G ⊆ NHx1Hx2 · · ·Hxn ⊆ G, which forces the equality G =
NHx1Hx2 · · ·Hxn.
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Observe that if the nonidentity element a = hxn ∈ Hxn, then
a = hxn = x−1n hxn = (x
−1
n hxnh
−1)h = [xn, h
−1]h = zh,
where z equals the commutator [xn, h
−1] and 1 6= h ∈ H . We claim that the
factor z 6∈ Hxn. If otherwise, it would yield that h ∈ Hxn (since hxn = zh ∈
Hxn), then h ∈ H ∩Hxn = 1, a contradiction. Thus
z ∈ N ∪Hx1 ∪Hx2 ∪ · · · ∪Hxn−1 ⊆ NHx1Hx2 · · ·Hxn−1,
and a = zh. Similarly, we may get the factorization z = z2h2 and the factor
z2 6∈ H
xn−1 . Hence
z2 ∈ N ∪H
x1 ∪Hx2 ∪ · · · ∪Hxn−2 ⊆ NHx1Hx2 · · ·Hxn−2,
and h2 ∈ H . Repeating the process, we achieve that a = zn−1hn−1hn−2 · · ·h2h,
where zn−1 ∈ N and hn−1hn−2 · · ·h2h ∈ H
x1, where x1 = 1. Thus we reach
a ∈ NH and so Hxn ⊆ NH . The Frobenius decomposition implies that
G = NHx1 ∪Hx2 ∪ · · · ∪Hxn = NHx1 ∪Hx2 ∪ · · · ∪Hxn−1,
hence G can be expressible in the form G = NHx1Hx2 · · ·Hxn−1.
Repeating the above process, we finally get that G = NH . Furthermore, we
derive
G = Gxi = (NH)xi = NHxi = NCG(αi),
as claimed. For g ∈ G, let g = xh for some x ∈ N and h ∈ CG(αi), then
g = hxh and xh ∈ N (as N is a normal subset of G), thus G = CG(αi)N . The
proof is finished.
3 Result
Theorem 3.1. Suppose that G is a Frobenius group acting on Ω = {α1, α2, · · · , αn}
with the Frobenius kernel N . Then N is a normal subgroup of G.
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Proof. Since N is a normal subset of G (by Lemma 2.3), it is sufficient to prove
that N is a subgroup of G. We argue by induction on |G|.
Assume that Ω is a N -component. Set Φi = α
N
i = {α
x
i | x ∈ N}, the
N -adjacent vertex set of the vertex αi. The set Φi may be vividly viewed as
a flower with the (flower) core αi and the (flower) leaves α
x
i , 1 6= x ∈ N . It is
clearly that if αgi = αj for all αi, αj ∈ Ω and g ∈ G, then Φ
g
i = Φj, where Φ
g
i
means that {αg | for any α ∈ Φi}.
Suppose firstly that the flower Φi is a proper subset of Ω. By Lemma 2.7,
G = NCG(αi) = CG(αi)N . Hence we deduce that the flower
Φi = α
N
i = (α
CG(αi)
i )
N = α
CG(αi)N
i = α
G
i = Ω.
However, this contradicts the fact that Φi is a proper subset of Ω, therefore we
conclude that this situation does not occurs.
Suppose now that each flower Φi is equal to Ω. Then by Φ1 = Ω and
|N | = |Ω|(by Lemma 2.5), we conclude that αx1 6= α
y
1 whenever x, y are distinct
elements in N . Let H = CG(α1), we assert that N is a transversal for H in
G. For different x, y ∈ N , if Hx = Hy, then x = hy for some h ∈ H , hence
αx1 = α
hy
1 = α
y
1, a contradiction. Similarly, we may extract that N is a common
transversal for allHi in G, whereHi = CG(αi). Now we shall prove the product
operation is closed in N . By Proposition 2.6, the inverse operation is closed
in N . Thus it suffices to prove that xy−1 ∈ N whenever x, y ∈ N in order to
prove that product operation is closed in N . If xy−1 6∈ N , then xy−1 lies in
some Hi (by Frobenius decomposition), thus Hix = Hiy, this is a contradiction
since N is a transversal of Hi in G. Therefore we conclude xy
−1 ∈ N , which
implies that N is a subgroup of G (and so a normal subgroup).
Assume now that Ω is not a N -component. Then Ω is a disjoint union of
some N -components (because N -connection is an equivalence relation). We
may suppose that Ω = Ω1∪Ω2∪· · ·∪Ωm, m > 1. Set NG(Ωi) = {g ∈ G | Ω
g
i =
Ωi}, where Ω
g
i means that {α
g | for any α ∈ Ωi}. It is seen that NG(Ωi) is a
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proper subgroup (as the action of G on Ω is transitive) and N ⊆ NG(Ωi). If
N = NG(Ωi) for some i, then there is nothing to prove, hence we may suppose
that N ( NG(Ωi) for each i. It can follow via Lemma 2.4 that NG(Ωi) is a
Frobenius group with the kernel Ni ⊇ N . Applying the inductive hypothesis,
we may obtain that Ni is a subgroup of NG(Ωi). Set K = ∩
n
i=1Ni. It can be
checked that N ⊆ K. Since also N is a full set in G such that any nonidentity
element acts fixed-point-freely on Ω, we get K ⊆ N . Therefore, we conclude
N = K and so N is a subgroup of G. The proof is complete.
Corollary 3.2. Assume that G is a Frobenius group acting on Ω = {α1, α2, · · · , αn}
with the Frobenius kernel N . Then N is a normal Hall subgroup of G and
G = NCG(αi) with N ∩ CG(αi) = 1 for 1 ≤ i ≤ n.
Proof. Following from Theorem 3.1 and Lemmas 2.3 and 2.7.
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